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Abstract 

_ We study four dimensional quantum gravity formulated as a certain 

conformal field theory at the ultraviolet fixed point, whose dynamics is 
described by the combined system of Riegert-Wess-Zumino and Weyl ac- 
tions. Background free nature comes out as quantum diffeomorphism 
symmetry by quantizing the conformal factor of the metric field non- 
perturbatively. In this paper, Minkowski background M 4 is employed in 
practice. The generator of quantum diffeomorphism that forms conformal 
algebra is constructed. Using it, we study the composite scalar operator 
that becomes a good conformal field. We find that physical fields are de- 
scribed by such scalar fields with conformal dimension 4. Consequently, 
tensor fields outside the unitarity bound are excluded. Computations of 
quantum algebra on M 4 are carried out in the coordinate space using 
operator products of the fields. The nilpotent BRST operator is also 
constructed. 
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1 Introduction 



To break the wall of the Planck scale, the background free nature of space- 
time will be necessary. Indeed, at the epoch beyond the Planck energy scale, 
spacetime fluctuations will be so great and geometry loses its classical mean- 
ing. It simply means that there is no fixed scale and no special point in space. 
Therefore, the problem that a particle excitation with the mass over Planck 
scale becomes a black hole 2 can be avoided basically because such a standard 
description of particles propagating on a classical background itself breaks down. 
Thus, the background free nature will throw light on the unitarity problem in 
gravity. 

To be background free, gravity should be quantized nonperturbatively. Two 
dimensional quantum gravity, known as the Liouville theory, indeed realizes 
such a background free picture as conformal symmetry by quantizing the con- 
formal factor of the metric field exactly [1, 2, 3]. The four dimensional counter 
model is known to be described by the Riegert-Wess-Zumino action [4], which 
is quantized in [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. The background free model 
we will study is given by the ultraviolet (UV) limit of renormalizable quantum 
gravity that is formulated on the basis of conformal gravity incorporating this 
action systematically [9, 13, 15]. 

The model is characterized by how to decompose the metric field into the 
conformal factor e 2<t> and the traceless tensor field h^, where we call <f> the 
Riegert field. The former is quantized nonperturbatively without introducing 
its own coupling constant, while the latter is handled by the perturbation theory 
as 

ffM „ - e 2 *(ge th )^ = e 2 * (g^ + th^ + •••), (1.1) 

where tr(h) = = and g^ is the background metric, t is the dimensionless 
coupling constant indicating asymptotic freedom [9, 13]. 3 The expansion by t 
represents the perturbation from quantum spacetime fully fluctuating under the 
restriction that the Weyl tensor vanishes. 

We here consider the model at the UV fixed point of t = 0, where exact 
conformal symmetry comes out as a part of quantum diffcomorphism invariance, 
namely, background metric independence, realized by taking the sum over all 
possible conformally flat configurations. 4 

2 The Compton wave length, which represents a typical size of particle, becomes smaller 
than the Schwarzschild radius, and thus its information will be lost. 

3 This perturbation theory is characterized by the condition that the Riegert field <j> does 
not receive renormalization at all orders of the perturbation. 

4 It should be distinguished from the invariance under the Weyl rescaling. Throughout 
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The background metric can be chosen arbitrary so long as it is conformally 
flat. Indeed, in the previous papers [7, 10, 11, 12, 14], the model have been stud- 
ied on the curved background Rx S 3 , which has various advantages such that 
structure of conformal algebra and analysis of physical states become similar to 
the cases of the Virasoro algebra on R x S 1 . In this paper, we reconsider the 
model by employing the Minkowski background M 4 . The advantages of using 
this background are that it is familiar to most of the researchers in this area and 
physical field operators become easier to handle compared with those defined 
on the curved background. 

The aim of these studies is to clarify physical properties of the field from 
the viewpoint of symmetry. The fact that conformal symmetry originates from 
diffcomorphism symmetry, namely, gauge symmetry, is significant for unitarity, 
because it means that conformally variant fields are excluded from physical 
fields. Consequently, physical fields are described as spacetime volume integrals 
of scalar fields with conformal dimension 4, while fields with tensor indices are 
excluded. 5 

This paper is organized as follows. We briefly summarize the model in the 
next section. In section 3, we quantize the Riegert-Wess-Zumino action and 
construct the generator of conformal symmetry on M 4 . In section 4, we study 
the transformation laws of the Riegert field and its exponential function, and 
then discuss the condition for physical fields. The proof that the generator 
indeed forms conformal algebra at the quantum level is given in section 5. The 
Weyl action is quantized in section 6. The generator of conformal symmetry and 
the transformation laws of traceless tensor fields are studied there. In section 7, 
we study quantum diffeomorphism symmetry in the context of the Becchi-Rouet- 
Stora-Tyupin (BRST) formalism [23, 24, 25]. The nilpotent BRST operator is 
constructed and physical field conditions are rewritten in terms of the BRST 
operator. Section 8 is devoted to conclusion. 

2 The Model 

In this section, we briefly review the model of four dimensional quantum 

our works, we respect diffcomorphism invariancc. Therefore, conformal anomalies [16, 17, 
18] appear as indispensable elements to preserve diffcomorphism invariance. The coupling t 
measures a degree of deviation from conformal symmetry. With the increase of it, spacetime 
will make a transition from quantum phase to classical Einstein phase dynamically [19, 20, 
21, 22, 15]. 

5 This result is consistent with astrophysical observations that scalar fluctuations with 
power-law spectra arc dominant in the early universe. 
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gravity we will study. The action and the gauge symmetry of the model are 
summarized. 



The perturbation theory about configurations with vanishing Weyl tensor 
(1.1) is defined by the Weyl action divided by the square of the coupling constant 
as I = — (1/i 2 ) J d 4 x^/^gC 2 l , XlJ . The path integral over the metric field is 
described as 



Here, S is the Wess-Zumino action induced from diffeomorphism invariant mea- 
sure [dg] g . It is necessary to preserve diffeomorphism invariance when we rewrite 
the path integral using the practical measure defined on the background metric 
[d(f>dh]g. 

We here consider the UV limit of t — >• indicated by the asymptotically free 
behavior of the coupling [9, 13]. The Weyl action then becomes quadratic in 
the traceless tensor field and the induced action S is given by the Riegert- Wess- 
Zumino action [4], 



where G4 is the Euler density and v / — (7A4 is the conformally invariant fourth- 

order differential operator for a scalar variable defined by A4 = V 4 +2i? A "'V M V„ — 
2i?V 2 /3 + V-RV^/3 and V 2 = V^V M . The coefficient 61 has the physically 
right sign of positive. 6 This action is the four dimensional analog of the Liouville 
action in two dimensional quantum gravity. 

In the following, the background metric is taken to be the Minkowski 
metric rj^v = (—1,1,1,1). The spacetime coordinate is described by x M = (77, x l ) 
and x 2 = x^x^ = —rj 2 + x 2 . The d'Alembertian is denoted by d 2 — d x d\ = 
—d 2 + ty 2 , where ty 2 = did 1 is the Laplacian of three dimensional space. 

2.2 Gauge Symmetry 

Under the metric decomposition (1.1), diffeomorphism defined by S^g^ = 
5paV„£ a + 5i/aV is decomposed into the transformations of Riegert and 

6 It has been computed to be 61 = (N x + HAf M //2 + 62A r A )/360 + 769/180, where N x , N w , 
and Na are numbers of scalar fields, Weyl fermions, and gauge fields, respectively [16, 17, 18], 
and the last term is the loop correction obtained by quantizing the Riegert- Wess-Zumino and 
Weyl actions [6, 8]. 



2.1 The Action 




(2.1) 




(2.2) 




4 



traceless tensor fields as 

+\Kx (d v i x - d x Q + \h v x (d,e - d x Q + o(t^h 2 ), (2.3) 

where £ M = r]^. 

There are two types of diffeomorphism symmetry at the vanishing coupling 
limit. The first is the well-known gauge symmetry that the kinetic term of the 
Weyl action has. Introducing the gauge parameter = £ M jt and taking the 
limit t — > with k m fixed, the diffeomorphism is expressed as 

5 K h^ u = d^K v + dvK^ - ^ri^dxK* (2.4) 

and 5 K (f> — 0. This gauge symmetry will be fixed completely by taking the 
radiation gauge, which will be discussed when the Weyl action is quantized in 
section 6. 

The second is the conformal symmetry we will study in this paper. It is the 
residual diffeomorphism symmetry in the radiation gauge with a gauge param- 
eter ^ = satisfying the conformal Killing equation, 

+ - ^,dxC X = 0. (2.5) 

Since the lowest term of the transformation of fo M „ (2.3) vanishes in this case, 
the second term becomes effective. Thus, we obtain [12] 

5^ = ^dx<j>+\dxC X 

<5 C V = C A 3a V + \ V (d,C X - d x C.) + \Kx (d^C X - d x Q . (2.6) 

The kinetic term of the Weyl action becomes invariant under this transformation 
without taking into account self-interaction terms. The transformation 6^ is 
a conformal transformation considering quantum gravity as a quantum field 
theory on M 4 . 

Although the residual gauge degrees of freedom are finite, the gauge symme- 
try 6^ is quite strong because the right-hand sides of (2.6) are field-dependent 
so that the transformations mix all modes in the fields. Thus, these modes 
themselves are not gauge invariant, including ghost modes. 

Here, we emphasize that the shift term in 8^<j) represents that this trans- 
formation is of diffeomorphism origin and the Riegert field is not a simple di- 
mensionless scalar. This gauge symmetry leads to the invariance under the 
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conformal change of the background metric as tj^ -+ (1 + d x ( x /2)r]^ (see also 
Appendix A). The background free nature is thus realized as gauge symmetry 
quantum mechanically. 

The generator of conformal transformation 5^ is defined by using the stress 
tensor T^ v satisfying the traceless and conservation conditions as 



Q c = J d x( T\o, (2.7) 

which is conserved such that O v Qq = 0. 

The conformal Killing vectors for translations, Lorentz transformations, di- 
latations and special conformal transformations denoted by L D s are given 

by 

(Ct), = S\, 

(Cz,)aw = X ^ v ~ Xv ^ A" 
Ch = *\ 

= xH\-2x,x\ (2.8) 

Substituting these 15 vectors into (2.7), we obtain the generators denoted as 
follows: P^ of translations, of Lorentz transformations, D of dilatations 

and of special conformal transformations, 

D = j d 3 xx x T X0 , 
K„ = J rf 3 x (x 2 T^ - 2x^x x T X0 ) . (2.9) 

These generators form the closed algebra of conformal symmetry. 

In the following sections, we explicitly construct the generators of the trans- 
formations (5^0 and S^h^ from the Riegert-Wess-Zumino and Weyl actions, 
respectively. The shift term in S^<f> is just generated from the linear term in the 
Riegert-Wess-Zumino action. 



3 Riegert Field 

In this section, we quantize the Riegert field on M 4 and then derive the 
generator of the transformation 5^(f>. 
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3.1 Canonical Quantization 

The Riegert-Wess-Zumino action on M 4 is given by — (bi/8n 2 ) J d 4 x<ftd 4 (f). 
Here, the second term in the action (2.2) vanishes, but it gives crucial contribu- 
tions to the stress tensor given later. 

The Riegcrt field is quantized by introducing new variable 

X = d v cf>. (3.1) 
The Riegert-Wess-Zumino action is then written in the second order form as 

S R wz = |^{-^[(a r ,x) 2 + 2 X f X +(^) 2 ] +«(cV/>-x)}, (3.2) 

where v is Lagrange multiplier. 

Following the Dirac's procedure [26], we remove the variable v and its con- 
jugate momentum by solving the constraints. 7 The phase space then reduces to 
the submanifold spanned by four canonical variables x, 0, and their conjugate 
momenta defined by 



= -9 v P x -^rX- (3-3) 
The canonical commutation relations are set as 

[0(r;,x),P ^,x')] - [x(^x),P x (77,x')] =i<J 3 (x-x'), (3.4) 
and otherwise vanishes. The Hamiltonian is given by 

H = |d 3 x:|-^p2 + P 0X+ ^[2x^x+(^ 2 0) 2 ]}:, (3.5) 

where : : denotes the normal ordering. 

The equation of motion of the Riegert field is given by d 4 cf) — 0, which can 
be expressed in terms of the momentum variable as d v P<p — —{bi/A-K 2 )ty 4 (j). The 
solutions are given by e lkf>x and ne lk " x and their complex conjugates, where 
k^x^ = —ujrj + k • x and co = |k|. 

The Riegert field is expanded by using these solutions, which is decomposed 
into the annihilation and creation parts as <j> = <^< + <p> , where </>> = 0< and 



<f><{x) 



ir { r7 3 k 1 

= wJ(^^ {a{k)+lujrim}eV - (3 ' 6) 



7 The constraints are given by ipi = — v ~ and ip2 = P v — 0. The Dirac bracket 
is defined by {F,G} D = {F,G} P - {F,<p a }p C~ b l {ipi,G}p, where C ab = {^ a , Vb } P . The 
equation of motion in the constraint system is given by {F, H}£> = d v F. The quantization is 
completed by replacing the Dirac bracket with the commutator multiplied by the factor —i. 
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By substituting this into expressions (3.1) and (3.3), we obtain the annihilation 
parts of other field variables, 

X<(x) = -i-^|^-^{a(k) + (-l + M)6(k)}e*^, 
Px<(») - ^/(^^ 1/2 W k ) + (- 2 + ^) & (k)}e^, 

P^{ X ) = ^^|^^^/2 {fl(k) + (1+wr/)6(k)}e ^ (37) 

such that X = X< + X> with x> = x< an d so on. The commutation relations 
for mode operators are then given by the form, 

[a(k), a t (k ')] = <5 3 (k-k'), 

[a(k),fet( k ')] - [6(k),at(k')] =a 3 (k-k'), 

[6(k),fot( k ')] - 0. (3.8) 

The Hamiltonian is given by 

H = j d 3 ku {a f (k)6(k) + & t (k)a(k) - 6 t (k)6(k)} . (3.9) 

3.2 Generators of Conformal Symmetry 

The stress tensor of the Riegert field is given by 



-^d^cfi+^dU}- (3.10) 

Here, the last two linear terms come from the variation of the second term 
in the action (2.2). The traceless and conservation conditions are satisfied 
by using the equation of motion as T\ = — {bi/ A-K 2 )d A (f> — and d^T^ v = 
— (bi/ATT 2 )d 4 (j)d„(f> = 0, respectively. 

In terms of four canonical variables, the (00) component is written as 

2tt2 
bi 



Too = - — P 2 x + P^x-P x f<f>-9kP x d k 
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T 0j = ~P x diX-7idjP x X+P*dn 



and the (Oj) component is 

+^ fax?* - Idkxdjd^ - 2 X d^ 2 4> + 2<f x d j( j> + \d 3 d kX d k <j^ 

Substituting these components of stress tensor into (2.9), we obtain the 
generators of translations as 



-"-I 
- i< 



d 3 xA, 



P 3 = J d 3 xB 3 , (3.13) 
where the local operators A and B 3 are defined by 

A = -^!:p2 : + :P ^ :+ iL(2: X ^ X : + :^^:), 

Bj = :P X <7,\: • :P,,<V,o: . (3.14) 

Here, the normal ordering is taken. The generators of Lorentz transformations 
are given by 8 



M 0j 



M i3 



= J d 3 x{-r]Bj - XjA- : P x dj<t>:} , 

= J d 3 x{xiBj - xjBi} . (3.15) 

The generators P M and form the Poincare algebra. 

The generators of dilatations and special conformal transformations are given 

by 

D = J d 3 x{ V A + x k B k + : P xX : +P^} (3.16) 



and 



K = Jd 3 ^(7 1 2 +x 2 )A + 2 V x k B k + 2f ] :P xX :+2x k :P x d k (f>: 

(2 : X 2 : + :d k cpd k t-) +2^ + 2P x J, 
Kj = J d 3 x j (-f] 2 + x 2 ) Bj - 2x 3 x k B k - 2r)XjA - 2x 3 : P xX : 

-2 V :P x d^: : X djcf>: (3.17) 



8 Note that although Mq 3 and also D and have explicit dependence on the time coor- 
dinate ?7, these generators are indeed conserved such that drjMgj = d n D = d^K^ = 0. 
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The generators D and have the linear terms that generate the shift term of 
the transformation 8^<f>. 

4 Conformal Fields and Physical Fields 

We first study the transformation properties of the Riegert field and its 
exponential function using calculation techniques based on the operator product 
expansion (OPE) in the coordinate space. We then discuss the condition for 
physical fields. 

4.1 Conformal Fields 

Consider the operator product among the hermitian operators, and only this 
case is considered. The operator product of two hermitian operators A and B 
is defined by 

A(x)B(y) = (A(x)B(y))+ :A(x)B(y) : . (4.1) 
The singular part, or the two-point correlation function, is given by 

(A(x)B(y)) = [A < (x),B > (y)}, (4.2) 

where A < is the annihilation part of A and B > is the creation part of B as 
defined before. Since : A(x)B{y) :=: B(y)A(x) :, the commutator of A and B 
can be expressed as 

[A(x),B(y)] = (A(x)B(y)} - (B(y)A(x)). (4.3) 

Since the second term in the right-hand side is the hermitian conjugate of the 
first one such as (B(y)A(x)) = (A(x)B(y)) ji , the commutator vanishes if it is a 
real function. 

Let us calculate the operator product of the Riegert field. The singular part 
is computed as 

(<t>(x)<t>&)) = t-\ ^^{l + ^^-^le-^-"'-^-^') 
= log { HV -V'- ief + (x - x') 2 ] zV-- 2 } 

-J-, lE Aog 71 - 71 '- 1 '-^-*]. (4.4) 
46i |x — x'| r\ — i]' — ie + |x — x'| 

Here, e is the cutoff parameter to regularize UV divergences. Since the Riegert 
field is dimcnsionless, we also introduce an infinitesimal mass scale z to handle 
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IR divergences. 9 The integration is carried out under the condition z<0, while 
the UV cutoff e is finite (see Appendix B). Until all calculations are finished, e 
does not take zero. 

The singular parts for other field variables are also obtained from the field 
operators (3.7), or by differentiating the correlation function (4.4) according to 
the definitions of field variables. They are summarized in Appendix C for the 
equal-time cases used below. Using these expressions, the canonical commuta- 
tion relation (3.4), for instance, can be expressed as 

[0fa,x),P*fa,x')] = (^,x)P4r / ,x'))-(0(r/,x)P (r,,x')) t 

V[(x-x') 2 + e 2 ] 2 ' (4 ' 5) 
where the last term is nothing but the (5-function regularized to be 

Applying the OPE technique to the composite operators, we obtain the 
following formula: 

[:AB(x):,:C n (y)-l 

= n[A(x),C(y)\ :B{x)C n -\ y ) : +n[B{x), C(y)\ :A{x)C n -\y): 
+n(n - 1) {(A(x)C(y)) (B(x)C(y)) - /i.e.} : C n - 2 (y) : . (4.7) 

The last term is the quantum correction and h.c. denotes the hermitian conju- 
gate of the first term in the bracket. The quantum correction term thus vanishes 
if it is real. 

Now, we compute the transformation law of the composite operator : <p n :. 
We first calculate the equal-time commutation relations between this operator 
and the local operators that appear in the generators. For the Hamiltonian 
density A, we obtain 

H(x),:^(y):] = -m£ 3 (x - y) ^""'(y) : 

= -*(x-y)9,:f(y):. (4.8) 

The 5-function comes from the commutator between (f> and P«^> and quantum 
corrections vanish due to (%(x)0(y)) = and so on. Here and below, when we 

9 It corresponds to add a fictitious mass term to the action, which is not gauge invariant 
so that the 2-dcpcndcncc should cancel out when we consider physical quantities. Here, note 
that the Einstein and the cosmological constant terms cannot be considered to be the mass 
term due to the presence of the exponential factor of the Riegert field in our formalism. 
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discuss equal-time commutation relations we do not write the time-coordinate 
dependence in field variables for simplicity. 

In the equal-time commutator with Bj , the quantum correction survives such 
that 

[^■(x),:</>"(v):] = -i* 3 (x - y)^- :0»(y) : 

+i _L n(n _l )e . (x _ y):r -2 (x) . (4 . 9) 

where the function ej (x) denotes the quantum correction, defined by 

e 3 -(x) = — 2 3L ; 2 J , /ix ) = _log- L" 4.10 

7r z x^x'' + e z y 2|x| — |x| 

where /i^(x) = /i(x) and linix^o M x ) = 1. 

Since the generator of conformal symmetry is time- independent, we can com- 
pute commutators between the generators and field operators using equal-time 
commutators. From (4.8) and (4.9) and also [: P x dj(j)(x.) :, :<^"(y) :] = 0, we find 
the commutators for translations and Lorentz transformations to be 

i[P M ,:^(x):] = d»:<P n (x):, 
i[M^,:<f> n (x)-] = {x„d v - x^) :<j> n (x): . (4.11) 

Here, the quantum correction term cancels out. It is shown by using the follow- 
ing integral formulae: J d 3 x e^(x) = due to the odd property under x — > x 
and 

f <« , , 1 /*°° , 1 efl - ft(a;)l 1 „ , 
y d 3 x ^e,(x) - -5 W y 4^x 2 C fe- 2 - ( L ^ 2 - £ V 2) ; J = -tfy. (4.12) 

The antisymmetric property of the Lorentz generator is also used. 

In the same way, we find that the commutators for dilatations and special 
conformal transformations are given by 

i[D,:<p n (x):} = x»d„ : <j> n (x) : +n : ^ (x) : l —n{n - 1) : <p"- 2 (x) :, 

46i 

i[K^,:cp n (x):} = (x 2 d„ - 2x^d v ) :<f> n {x) : 

-2^ (n ^(s): -J-n(n- 1) :0"- 2 (x):^ . (4.13) 

Here, the :<p n ~ 1 : terms come from the commutation relations with the linear 
terms in these generators. The last terms with 1/bi are the quantum corrections. 
For the commutator with Kj, we use the formula, 

J rf 3 x {x 2 e J (x-y)-2a;,a ; fe e fe (x-y)} = - Vj (4.14) 
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derived from (4.12). 

The transformation of n = 1 is nothing but the gauge transformation (2.6) 
such that i[Qc,, <f>] — 8q4>. In this case, the quantum correction term vanishes. 

The most simple conformal field is given by the exponential function of the 
Riegert field defined as 

oo n 

V a (x)=:e a ^:=y / ^T--r(x):. (4.15) 
z — ' rv 



n=0 



From the transformation properties of (4.11) and (4.13), we obtain the following 
conformal transformations: 

l[P^V a {x)] = d^Vaix), 

i[M^,V a (x)} = {Xfj,d v - x v dfj,)V a (x), 
i[D,V a (x)} = (x^ + h a )V a (x), 
i\K„,V a {x)] = (x 2 d )i -2x fl x v d I/ -2x^h a )V a (x), (4.16) 

where h a is the conformal dimension calculated to be 

h* = <*-£-. (4.17) 

The second term proportional to l/b\ is the quantum correction, which coincides 
with the result computed on the Rx S 3 background [7, 14]. 



4.2 Physical Fields 

Conformal fields themselves are not diffeomorphism invariant, namely, they 
are not physical fields. Physical fields arc defined by field operators that com- 
mute with all generators of conformal symmetry as 




(4.18) 



The most simple example of the local operator O is given by V a with confor- 
mal dimension h a = 4 because in this case the conformal transformation (4.16) 
becomes 

i[Q C ,V a (x)]=d ll {^V a (x)} (4.19) 

for all conformal Killing vectors £ M (2.8). 

Since the constant a obtained as the solution of h a = 4 is real due to b\ > 4 
independently of matter field contents (see footnote 6), the operator V a becomes 
real. This physical field corresponds to the cosmological constant term. 
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In general, O is given by scalar fields with conformal dimension 4 composed 
of Riegert fields as well as traceless tensor fields, but fields that tensor indices 
retain are excluded from physical fields because even though they have conformal 
dimension 4, their transformations cannot be written in the form (4.19) due to 
the presence of spin terms in M^ v and K^. 

The positivity of the two-point function of V a is trivial because it is a real 
operator. Since diffeomorphism invariant fields will be real, the Wightman 
positivity condition for these fields seems to be satisfied. Of course, in this 
argument, it is crucial that both Riegert- Wess-Zumino and Weyl actions have a 
correct sign such that they are bounded from below (if we do the usual analytic 
continuation to Euclidean signature). 

5 Conformal Algebra 

Now, we can show that the generators presented above indeed form confor- 
mal algebra at the quantum level. 

First, we present the useful OPE formula, 

[:AB(x):,:CD(y) :] = [A(x),C(y)] :B(x)D(y): +[A(x),D(y)] :B(x)C(y): 

+ [B(x),C(y)} :A(x)D(y):+[B(x),D(y)} :A{x)C{y): 
+q.c.(x-y). (5.1) 

The last term is the quantum correction given by 

q.c.(x -y) = (A(x)C(y))(B(x)D(y)) + (A(x)D(y))(B(x)C(y)) - h.c, (5.2) 

where h.c. denotes the hermitian conjugate of the first two terms. 

Using this formula, the equal-time commutation relations among the opera- 
tors A and Bj are calculated as 

[A( X ),A(y)} = *C<5 3 (x-y)(:P x (x)x(y):-:x(x)P x (y):) 

+i^fj 3 ( x y) (: 0(x) X (y) : - : X (x) f<j>{y) :) , 

[B^Bkiy)] = i^5 3 (x-y)(:P x (x)a fcX (y): + :P0(x)^0(y):) 

+^ 3 (x-y)(:^x(x)P x (y): + :a^(x)P,(y):) (5.3) 

and 

[AW,Bj(y)] - i^J 3 (x-y)(-^:P x (x)P x (y): + : X (x)P*(y): 
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+W 3 (x - y) (: P^fljX(y) : +^ : fx^x(y) :) 

C^3(x - y) (:x(x)^x(y) : + : ^)dj<f>(y) :) 
-i-i/^x-y), (5.4) 
where the function /j denotes the quantum correction, defined by 



Here, we summarize the properties of this function. It can be written in the 
derivative of scalar function as /j(x) = 9j/(x), where 

^ = -4pW' (5 - 6) 
The integrals of these functions satisfy 

J d 3 x/, (x) - 0, J rf 3 x/(x) = 0, y tfW'/(x) = 0, (5.7) 

while J* d 3 xx 2 /(x) = -l/160e 2 diverges at the limit e -> 0. 10 

5.1 Poincare Algebra 

Let us first show that the Poincare algebra is closed. Using the equal-time 
commutation relations computed above, we obtain the following commutators: 

[P ,A(x)} = -idr,A{x), [P ,B j {x)] = -id ri B j (x), 

[P jt A(x)] = -idjAix), [P j ,B k (x)] = -id j B k (x). (5.8) 

Here, the time-derivatives of A and Bj are defined from the equations of motion 
by 

dr,Bj = -^:P x d j P x :-^(2:f X d j x: + :QUd j <t>-) (5.9) 



10 The function / can be written in terms of the delta function as 



To derive this, we use the expression of the regularized delta function (4.6) and its variant 
form 7r 2 <5 3 (x) = 4e 3 /(x. 2 + e 2 ) 3 . 
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and the quantum correction term disappears due to the property of fj (5.7). 

In order to obtain the Lorentz algebra, we further calculate the following 
equal-time commutation relations: 

H(x), : P x d j( j>(y) :] = i<5 3 (x - y) (: P^(y) : +^ : f X d j( p(y) :) 
+^ 3 (x-y):x(x)P x (y): 

[Bj(x), : P x d k 0(y) :] = ifi£<£(x - y) : P x (x)9 fc 0(y) : 

+iSg5 3 (x-y) :0^(x)P x (y): . (5.10) 



Using (5.3), (5.4) and these equations, we obtain the following algebra for the 
generators of Lorentz transformations: 

[M j,A(x)] — ir]djA(x) + ixjd v A(x) 

+i{:Ptd j <f>(x):+2:P x d jX (x):- : X djP x {x): 

+^{;-fxdi4>{x): +2 :d jX fct>(x):- : X di?<t>(x) 
[M Qj ,B k (x)] = ir)djB k (x) + ixjdr,B k (x) 



»=- — ( 
2tt 2 V 

[M 0j , : P x d k <t>{x) :] = J t ? (:d j P x d k <f>(x) : + : P x djdk<l>(x) :) 



djPxdkMx): -^(:d jX d kX (x): + :dj f^ftx) : 



+iXj (^P x d kX (x): - : P <9 fc <?!>(x) : § 2 X d k 4>{x) : 

:P x x(x): :d jX d k (j)(x): (5.11) 



and 



[Mjj,^4(x)] = — Mj9j^4(x) + ixj<9j.4(x), 

[My, Sfc(x)] = -ixidjB k (x) + ixjdiB k (x) - i5 ik Bj(x) + i5 jk B t {x), 
[Mij,:P x d k (p(x)-\ = -iXi(-.djP x d k (p(x): + :P x djd k (f>(x)^ - i5 lk :P x dj<f>(x): 

+ix j (^.d l P x d k (j){x): + : P x did k (j)(x) + i<5 jfe : P x di<j){x) : . 

(5.12) 

Here, all quantum correction terms vanish due to (5.7). 
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Using these algebra, we can show that the Poincare algebra 

[P^Pv] = 0, [M va ,,Px\ = -i(ri vl xP v -rh,xP lx ), 
[M^,M Xa ] = -if^l^-vMri-ilriM^) (5.13) 

is satisfied at the quantum level. 

5.2 Conformal Algebra with D and 

Next, we calculate the remaining algebra including the generators of dilata- 
tions and special conformal transformations, D and K^. In order to calculate 
it, we further need the following equal-time commutation relations: 

L4(x),:P xX (y):] = iJ 3 (x - y) : P\ (y) : + : P^x(y) : +^ : xf x(y) =) 

+*^2#&»(x-y) :x(x)x(y): +i^/(x-y), 
8tt 2 

[^l(x),:x 2 (y):] = i— 5 3 (x-y):P x x(y):, 
|y4(x),:0 fc ^(y):] - 2^ 3 (x-y):x(x)9V(y):, 
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47T' 

[^(x),:x^0(y):] = i— 5 3 (x - y) : P x fl^(y) : +i0?5 3 (x - x') : X (x) X (y) : 

+il fc -(x-y) (5.14) 



and 

[^(x),:P x x(y):] = -^s(x-y) : P x ^x(y) : +^«5 3 (x - y) :P x (x) X (y):, 

[Bj(x),:x 2 (y)-1 = -2^ 3 (x-y):x^x(y):-^ft(x-y), 

[^■(x),:a fc ^V(y):] = ^ 3 (x-y) :a^(x)a fe 0(y): 

4 

~V {%(x-y) -ft(x-y)}, 

Ol 

[£,(x), :x5 fc 0(y) :] = -*<J 3 (x - y) :d jX dk<Ky) ■ +^<5 3 (x - y) :c^(x)x(y) : . 

(5.15) 

Here, the function / is defined by (5.6) and we also introduce other functions 
defined by 

1 exj 

and 



ftW = T2H ( 5 - 16 ) 
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where h is defined in (4.10). The function gj can be written in the derivative of 
scalar function as <7j(x) = djg(x), where 

ff(x) = "6^ WTW (5 ' 18) 

This function is related to the scalar function (5.6) as ty 2 g(x) = 40/(x). 

Since gj and <jj are odd under the change x — > — x, the integrals of them 
vanish such that / d 3 x 5j(x) = J d 3 x ffj(x) = 0, while the integral of g is given 
by J d 3 x g(x) = — l/24e 2 , which diverges at the limit of e — > 0. Thus, the 
following integral diverges at the limit: 



/ 



d 3 x x^-(x) = -5ij I d 3 x fif(x) = ^2^2- (5-19) 



We also obtain the divergent integral, 

| d 3 x x,g, (x) - lj« ^ 4 7rx 2 ^|fc^ = % . (5.20) 

The difference of these two integrals, however, vanishes exactly such that we 
find 



/ 



d 3 xx i {g j (x)-g j (x)}=0. (5.21) 



This formula is used when we show that quantum corrections disappear. 
Furthermore, we need the following equal-time commutation relations: 

[:P xX (x):,:P x <9^(y):] = iS 3 (x - y) : P x dj<f>(y) : -i-^gj{x - y), 
[:P x a^(x):,: X 2 (y):] = -2i5 3 (x - y) : X c^(y) : , 
[:P x dj<f>(x):,:xd k <t>(y)-] = -iS 3 {x - y) : dj(j)d k (j){y) : -i^-g jk (x - y), 

[:P xX (x):,: X 2 (y):] - -2i5 3 (x - y) : X 2 (y) : - y), 

[:P xX (x):,: X 5^(y):] = -*<f 3 (x - y) :X^<A(y) :, (5.22) 

where the function in the third equation is defined by 

1 f XiXj e | f x 3xiXj\^ e[l — h(x) 



ftiW - ^2 ( X 2 (x 2 + £ 2 )3 + X 2 ) X 2 (x 2 + £ 2 )2 } " ( 5 ' 23 ) 

The integral of this function is given by 

J d 3 x 9ij {x) = -25ij J d 3 x g(x), (5.24) 
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which diverges at the limit of e — > 0. 

From the commutators obtained above, we find that the commutators be- 
tween the generator D and various local operators are given by 

[D, A(x)} = -i (r]d v + x k d k + 4) A(x) , 

[D,Bj(x)] = -i(r 1 d TI + x k d k +A)B j (x) (5.25) 

and 

[D,:P x dj<f>{x):} = -i(r,dr, + x k d k + 3) :P x dj<t>(x):, 

[D,:P xX (x):} = -i + x k d k + 3) : P xX (x) :, 

[D,: X 2 (x)-] = -i( V dr,+x k d k + 2): X 2 (x):, 

[D, : d k <j>d k cj>{x) :] = -i (rjd v + x k d k + 2) : d k <f>d k <j>{x) :, 

[D,: X d j( p(x):] = -i(r,d n +x k d k + 2) : X ^(x): . (5.26) 

Here, all divergent terms cancel out and quantum corrections disappear, which 
can be shown by using the integral formulae for various functions presented 
above. 

In the same way we can calculate the commutation relations between the 
generator and various local operators, which are summarized in Appendix D. 
From these commutators, we find that the following algebra is satisfied without 
quantum correction terms: 

[D, Pp] = -*P„, [D,M F ]=0, [D,K^]=iK^ 
[M^, K x ] = -i {^ X K V - rhxKJ , [K^ K v \ = 0, 
[K^P V ] = 2i (v,D + M„ w ) . (5.27) 

Combined with the Poincare algebra (5.13), we obtain the conformal algebra. 



6 Traceless Tensor Fields 

In the UV limit of t -)• 0, the Weyl action -(1/i 2 ) / d 4 Xy/^jC^ Xa reduces 
to the quadratic form, 

/ = J d 4 x^- l -d 2 h^d 2 h^ + d^ X l 'd^-\d^d 1J x v Y (6-1) 

where x^ = d x h\^. This action is invariant under the gauge transformations 
5„V (2.4) and S c h^ (2.6). 

In this section, after the traceless tensor field is quantized, we derive the 
generator of conformal symmetry and then discuss the transformation law of 
the field. 
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6.1 Canonical Quantization 

In order to quantize the traceless tensor field, we have to fix the gauge 
symmetry 8 K h^ v (2.4). Using four gauge degrees of freedom k^, we can take 
the Coulomb gauge defined by dih % = 0. The (00) component /ioo(= 
then becomes nondynamical. Therefore, using the residual gauge symmetry 
preserving the Coulomb gauge conditions, we further remove the hoo field. This 
is the radiation gauge summarized by the conditions, 

/i o = 0, hoj = hj, hij = hij, (6.2) 

where bj and are the transverse vector mode and the transverse traceless 
tensor mode, respectively, satisfying the conditions d l hi =0 and d l hij = h\ = 0. 

In the radiation gauge, the gauge degrees of freedom are completely fixed 
and thus only the gauge symmetry 8^h^ v (2.6) survives as the residual gauge 
symmetry. 

The transverse traceless tensor mode is quantized according to the Dirac's 
procedure by introducing new variable, 

= dr,hij, (6.3) 

while the transverse vector mode is treated as it is because it is the second order 
with respect to the time derivative. The Weyl action is then written in the form, 

I = /^{-^K-2^ + ^)h ij + h^ 2 (-^+f)h,} 

= J d A X | - Idr, U ij OrjUij - U ij f Uij - l - ^ f hij + \ % 1 (d^hij - Uij ) 

+d v hifd n h 3 + fh^ 2 hA, (6.4) 



where A IJ is the Lagrange multiplier. 

After removed the variable A 4 - 7 by solving the constraint equation, we ob- 
tain the phase space spanned by six canonical variables Uij, hy, hj, and their 
conjugate momenta, 

p« = -0„u« 

K 3 = -W-2^u«, 

P 3 = 2Q 2 d v h j . (6.5) 

The canonical commutation relations are set as 

[htffoxJ.Pffoy)] = [u i i( V ,x),P k J( V ,y)]=i5i j ' kl (x-y), 
[h^.xJ.Pfoy)] - iSi j (x-y), (6.6) 
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where the delta functions are defined by $'(x) = A 4 ^ 3 (x) and <$j i,w (x) = 
A^ fc ^ 3 (x) with 

A - 5--^l 

— "'3 ^2 ' 

Ay-fe/ = ^(AifcAj-j + AjjAj-fc-AyAfcj). (6.7) 



and A l iM = 0, and also satisfy the relations AjfcA fe - = A^ and A^/y A fe '> m7l 
A, 



These differential operators satisfy the conditions d l Aij = 0, A 3 ■ = 2, <9 4 A^j = 



The Hamiltonian is expressed as 



+ Jp J r 2 P,-f h^ 2 h,}:, (6.8) 

where = l/<? 2 . 

The equations of motion of the transverse traceless tensor and the transverse 
vector modes are given by d 4 h l: > = and ^ 2 d 2 h' J = 0, which can be written 
in terms of the momentum variables as d v P^ = — cj> 4 h y and d^Pi = 2 cp 4 h- 7 , 
respectively. 

As in the case of the Riegert field, the transverse traceless tensor mode is 
expanded by e %k v x * and r/e lkflX ' i . Decomposing into the annihilation and creation 
parts as h JJ = h< + h>, where h> = h<^, the annihilation part is expanded as 

On the other hand, since the equation of motion of the transverse vector mode 
is the second order with respect to the time derivative, it is expanded as M = 
h J < + hi with hi = and 

^) = /^^ (k > e '*-'"' < 6 - 10 > 

The annihilation parts of other variables are given by 

»<(*) = / (2^)3/2 Ji/2 {^( k ) + (- 1 + *"?)d«(k)} e^, 

/j3u , ,1/2 
T^i/I V (c«(k) + (-2 + ^)d«(k)} e^, 



7^372 V ^' (k) + (1 + ( k )} e ^ X "' 
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Substituting these expressions into the canonical commutation relations (6.6), 
we obtain the following commutation relations: 

[c^(k),c fei t( k ')] = 4^( k -k'), 

[c^(k),d fci t( k ')] = [d^(k),c fc( t(k')] = <^ W (k-k'), 

[d^(k),d M t( k ')] = 0, 

[e*(k),e^( k ')] = -4 j (k-k'), (6.12) 

where the momentum representations of the delta functions S l J (k) and S^' (k) 
are defined by multiplying the ordinary delta function ^(k) by the functions, 

Ay,«(k) = X - {A jfc (k)A jI (k) + A i; (k)A jfe (k) - Ay(k)A fcI (k)} ,(6.13) 
respectively. 

The commutation relations can be simplified by introducing the polariza- 
tion vector el-, (a — 1,2) and the polarization tensor e 1 /-. (a = 1,2) that sat- 
isfy the transverse condition he 1 ^ — and the transverse traceless conditions 
fcj£^(k) = £(„)j(k) = 0, respectively. They are normalized as 

2 

^ £ J (a) (k)^ Q) (k) = A«(k), ^ o) (k) £(6W (k) = 6 ab (6.14) 



a=l 



and 



E4)( k ) £ (-)( k ) = A< ^( k )' ef o) (k)£(6)«(k) = <W (6.15) 



o=l 

Each mode is then expanded as 

2 



o=l 



C «(k) = ^ e ; j a) (k)c (a) (k), d«(k) = 2 e « ) (k)d (0) (k), 

o=l 
2 

e>'(k) = ^ £ | a) (k)e (a) (k). 



o=l 



The commutation relations are simply given by 



c (a)(k),c[ 6) (k') 


= <U<5 3 (k-k'), 




c (a) (k),d[ b) (k')" 




d (a) (k),c| 6) (k')" 


= J o6 5 3 (k-k') 


d (a) (k),df fe) (k')" 


= o, 




e (<*)( k ),e[ 6) (k') 




-5 afe03 (k-k') 





(6.16) 



(6.17) 
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The Hamiltonian is expressed as 

2 



H = Y, d 3 kuj {cJ o) (k)d (o) (k) + dJ o) (k)c (o) (k) - d| o) (k)d (o) (k) - e| o) (k)e (o) (k)} 



a=l 

(6.18) 

Finally, we calculate the two-point functions of the transverse traceless tensor 
and transverse vector modes. We here introduce the hermitian fields and 
Y~( a ) with the annihilation parts defined by 

H < ){x) = / aJU faiW + ^wW) ^ 

^ ^ / ^j^M^ < 6 - 19 > 

We then obtain the two-point function (H^ (x)H ( - b \x')) = 5 ab {H(x)H(x')), 
where 

(H(x)H(x')) = - T ^log{[-(^-, ? '-z e ) 2 + (x-x') 2 ]z 2 e 2 ''- 2 } 

1 * e , V — V 1 — it — l x — x 'l 

-^-21 M lo S , r— ^. 6.20 

167T Z |x — x'| r/ — r/' — + |x — x'| 

And also, we obtain {Y ( - a \x)Y i - b \x')) = 5 ab (Y(x)Y(x')), where 

(Y(x)Y(x')) = -i^l g{[-(r ? -r ? '-ie) 2 + (x-x') 2 ]^- 2 } 

■q-j -it r) - j - ie - \x. - x'| 

167r 2 |x — x'| rj — 77' — ie + |x — x'| 

Using these functions, we obtain the following expressions: 

(h tl (x)h kl {x')) = A ijM (x)(H(x)H(x')), 
(h l (x)h 3 (x')} - A ij {x)(Y(x)Y(x')). (6.22) 

6.2 Generators of Conformal Symmetry 

As stressed in section 2, the transverse traceless tensor mode and the 
transverse vector mode hj themselves are not gauge invariant because they mix 
under the residual gauge transformation, or the conformal transformation (2.6). 

We here write out the generator of the transformation in the radiation gauge. 
The stress tensor of the traceless tensor field is derived from the Weyl action in 
Appendix E. According to the definition (2.9), we obtain the following expres- 
sions. The generators of translations are given by 

P = H = j <f 3 x A, 
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Pj 



= J d 3 x Bj, (6.23) 



where 



A = -i:P^P^: + :P^u fc; : + :u fc ^ 2 u fei :+i:^h fc ^ 2 h fc; : 

+ 1 : p^-2p fc :_ :^ 2 h^ 2 h fe :, 
Bi - :P k u l d j u kl : + :P£ l d j h kl : + :P k d j h k : . (6.24) 

The generators of Lorentz transformations are 



where 



= :P^a j h fei : + :P^.r 2 Pfe:+2:P^h fe : + :h fc J P fe :+2:u fc ^ 2 h fc :, 
Cy - 2(:P5 i u fcj :-:P^.u w :)+2(:P* j h fcj :-:PjJ j h fci :) 

:P,h,: :P,h,: . (6.26) 

The generator of dilatation is 

D = Jd 3 x { V A + x k B k + : Pj'uw :} . (6.27) 

The generators of special conformal transformations are 

K = -f] 2 Po + 2f]D + N a , 

Kj = V 2 P j +2r)M 0j + N j , (6.28) 

where the operators defined by iV = / d 3 x x 2 T o an d Nj — J d 3 x (x 2 T j — 
2xjX k T ok ) are given by 



.V (l = / d'x { x z A -r 2.r'-'C, - 2 :u fei u fci : - :d ro h w 9 ro h H : 

J d 3 x jx 2 ^ - 2x 3 x k B k + 2x fc C fej - 2sj : P kl 

2 : u fcI a,-h fcI : +2 : $- 2 P fe 9, h fe : 1 : P* ^ k : 
4:u fc j r 2 Pfe:+4:h^ 2 h fe :}. (6.29) 



_5 :4»- 2 P fe ^- 2 P fe : -4 :o> fc h' 
N 3 = / d 3 x <j x 2 Bj - 2x 3 x k B k + 2x k C kj - 2x 3 : P^u H 
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In this paper, we do not check that these generators form the closed algebra 
of conformal symmetry on M 4 . On the other hand, on the RxS 3 background, we 
have already shown that the corresponding generators form the closed algebra 
quantum mechanically [10]. 

6.3 Transformation Laws and Fradkin-Palchik Terms 

In this subsection, we study the transformation property of the field. First, 
we write down the expressions of the transformations 6^h^ v in (2.6) in the 
radiation gauge, which are given by 

S c Ks = ( x dxKs + Kkd s ( k + Kkd r ( k + Kd s (° + h s d r C° -^h rs d x (\ 

S C K = ( x dxK + Kd^C a + h s drC + Ksd v ( s -^KdxC x . (6.30) 

These transformations, however, do not preserve the gauge-fixing conditions 
(6.2). This fact is known to be a general feature of conformal transformations 
that appears in gauge theories. 

As discussed by Fradkin and Palchik [27, 28], the violation of invariance can 
be compensated by a certain gauge transformation whose parameters depend 
on the field. In this case, it is expressed as 

i[Qc,hp V ] = S^hnv + Sah^, (6.31) 

where the second term in the right-hand side, called the Fradkin-Palchik term, 
has the form of the gauge transformation b^h^y = R v -Vduk^ — ri^n dxfi x /2 with 
the nonlocal field-dependent gauge parameter k^. Here, using the generators 
given above, we demonstrate this transformation law and determine in the 
radiation gauge. 

For P M of translations, D of dilatations and My of spatial rotations, the 
transformation laws of the transverse traceless tensor mode are calculated using 
the canonical commutation relations (6.6) as 

i[D, h rs ] = x x dxKs, 
i [Mij, h rs ] = (xidj - Xjdi) h rs + 6 ri h sj - 6 rj h si + 5 si U rj - 5 SJ -h ri (6.32) 

and those of the transverse vector mode are 

i [P», hr] = d^hr, 
i[D,h r ] = x x dxK-, 
i[Mij,h r ] = (xidj — xjdi)b r + 5 r ikj — 5 r jbi. (6.33) 
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These equations are nothing but the transformations (6.30) and the Fradkin- 
Palchik term does not appear here. 

For Moj of Lorentz boosts and of special conformal transformations, we 
find that the Fradkin-Palchik term comes out in order to preserve the gauge- 
fixing condition, which are given as follows: 

i[M Qj ,h rs ] = {-rjdj - Xjd v ) h rs - S rj h s - S sj h r 

+ d r (kf). + d s (k?).-^S rs d X (k X B ) j , 

i[K ,h rs ] = (rj 1 + x 2 ) d v h rs + 2r]x k d k h rs + 2x r h s + 2x s h r 

+d r («? ) Q + 8 S («f ) Q - ^S rs d X (4) Q , 

i [Kj, h rs ] = (—rj 2 + x 2 ) djU rs — 2xjX h d k h rs — 2rjXjd n U rs + 2x r h S j + 2x s U r j 
—25 r jX h Uks — 25 S jX h Ukr — 2r/S r jh s — 2r]S s jh r 
+0 r (k s s ). + d s (Rf). - Ursdx (k x s ). (6.34) 

and 

i[M 0j ,h r ] = (-r]d j -x j d ri )h r -h rj +d TI (k^).+d r (kQ) j , 
i[K ,K] = (v 2 +x 2 )d v h r + 2r 1 x k d k h r + 2x k h kr + d v (^) + d r (kl) , 
i[Kj,h r ] = (— rj 1 + x 2 ) djh r — 2xjX k d k h r — 2rjXjd n h r + 2x r hj 

-26 rj x k h k - 2r]b rj + d n (kf). + d r (/cjf) , (6.35) 

where the nonlocal field-dependent gauge parameters (k B )j for Lorentz boosts 
are given by 

(4), = ~r 2 ^ jt 

{K r B )j = r 2 d v ^ + r 2 d 3 h r -^- 2 d r h 3 (6.36) 
and (kg)p for special conformal transformations are given by 

(4) = 3r 2 ^(^ fc h fe ), 

(k r s ) = -2r 2 d, 1 (x k h r k )-2r 2 d k (x k h r )-2r 2 h r + r 2 d r (x k u k ), 

(4). = -3r 2 d v (v^) + er\, 

(k r s ) j = 2r 2 d, (r/h^) - 8r 2 h r , + 2^ (v^) - ^ 2 d r fah,-) . (6.37) 

Here, we show that the Fradkin-Palchik term is indeed necessary to preserve 
the gauge-fixing condition. Let us consider the (00) component of (6.31). The 
left-hand side trivially vanishes due to the gauge- fixing condition h 00 = 0, while 



26 



the right-hand side is nontrivial because <5f/ioo = 2h r <9 l; £ r , which survives in the 
cases of Lorentz boosts and special conformal transformations. The Fradkin- 
Palchik term S^hoo just cancels it. The transverse conditions are also preserved. 

7 BRST Operator 

Finally, we rewrite the quantum diffcomorphism (2.6) and the physical field 
condition (4.18) in the BRST formalism [25, 23, 24]. 

The BRST transformation is defined by replacing £ M in the gauge trans- 
formations (2.6) with the corresponding gauge ghost & . It is expanded by 15 
Grassmann modes as 

= c x _+2x^ x +x x c + x 2 c x + -2x x x^ + , (7.1) 

where c A , , c, c\ are hermitian operators and c^ u is antisymmetric. The c 
and c^ v modes have no dimensions, while cl and c+ have dimensions —1 and 
1, respectively. 

We also introduce the 15 antighosts b_, b M!/ , b and b+ with the same proper- 
ties that the gauge ghosts have. The anticommutation relations between gauge 
ghosts and antighosts are set as 

{c,b} = 1, 
{c^,b Aff } = <V CT -<^ A , 

{c^;} = «,i£} = »r- (7.2) 

From these algebra, we find that the generators of conformal algebra in the 
gauge ghost sector represented by the abbreviation "gh" are given by 11 

= i(-2b<+b£c + bV+ + 2b^c' t A ), 

Mg = i(b^c v _ -b£c^ + b^-bic£ + b^V A -b v V A ), 

D gh = i (b x c +x - bl c_ A ) , 

K» h = i(2b(£-l£c + bV- + 2bV A ). (7.3) 
Using these generators, the BRST operator is defined by 

Qbrst = (p m + ip^j + cT (m^ + ±M#) + c (d + 

11 These expressions can be determined by imposing the condition that the ghost field c M 
transforms as a vector field with conformal dimension —1. 
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= c(D + D* h ) + c"" [M^v + M#) -bN- b^N^ + Q, (7.4) 

where P^, M^, D and represent the sum of the generators of conformal 
algebra other than the gauge ghost sector. The other operators are defined by 

N = 2ic£c_ /1 , 

Q = <£P M + c£tf„. (7.5) 
The nilpotency can be shown by using the conformal algebra for P M , M M „, D 



and as 

<2brst = Q 2 - ND - 2ic^_M^ = 0. (7.6) 

Here, the anticommutation relations between the BRST operator and the 
antighosts are computed as 

{Qbrst, b} = D + D ghl 

{QBRST.b^} = 2(M"" + M^') ) 

{ Qbrst i b^ } - + 

{Qbrst,^} = P" + i&. (7.7) 

Therefore, the nilpotency can be also expressed as [Qbrst,P + Pgh] = and 
so on. 

In terms of the BRST operator, the physical field conditions (4.18) are now 
written by the single equation, 



Q 



BRST 



J d A xO{x) 



= 0. (7.8) 



Now, the results found in section 4 are summarized as follows. The conformal 
transformations for Riegert and gauge ghost fields are expressed as 



1 

t 

i{QBRST,C»( X )} = c v d v( f{x). (7.9) 



i[QBRST,<P(x)} = c^d^(x) + 7 d^(x), 



The BRST transformation of the exponential operator V a (4.15) is given by 

* [Qbrst, V^z)] - c^V a (x) + ^d^V a (x). (7.10) 
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Thus, we obtain 



Qbrst, / d 4 xV a (x) 



cPxd^cfVaix)} = (7.11) 



for h a = 4. 



8 Conclusion 

We have studied four dimensional quantum gravity in a nonperturbative 
manner capable of describing spacetime dynamics beyond the Planck scale. The 
model has been constructed on the basis of conformal gravity incorporating the 
Riegert-Wess-Zumino action that is required to preserve the diffeomorphism 
invariance. Indeed, we have found that quantum diffeomorphism becomes com- 
plete in the combined system of Riegert-Wess-Zumino and Weyl actions. 

The model has been described as a certain conformal field theory defined on 
a background spacetime that can be chosen arbitrary so long as it is conformally 
flat due to the background free nature. In this paper, we studied the model by 
employing the Minkowski background M 4 in practice. 

The generator of conformal transformation was constructed on M 4 and the 
transformation law of the field was studied to clarify the physical property. 
Since conformal invariance originates from diffeomorphism invariance, physical 
fields must be invariant under the conformal transformation. Thus, conformal 
fields themselves are not physical fields. We found that physical fields are given 
by diffeomorphism invariant fields that are described by spacetime volume inte- 
grals of scalar fields with conformal dimension 4, and thus tensor fields outside 
the unitarity bound are excluded. 12 Thus, conformal invariance from diffeomor- 
phism invariance gives more strong conditions to the field than those in usual 
conformal field theories. 

We also constructed the nilpotent BRST operator for quantum diffeomor- 
phism. The physical field condition was represented in terms of the BRST 
operator. 

The results were confirmed to be consistent with those studied on the curved 
background Rx S 3 . The advantages of using the M 4 background are that it is, 
of course, most familiar and also field operators and their correlation functions 
become simple compared with those on the curved background, which are helpful 
in future developments. 



12 The Weyl tensor, for example, has spin s = 2 and conformal domension d = 2, which lies 
outside the unitarity bound d > 2 + s [28] . It is excluded by the physical condition, but its 
squared becomes physical. 
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Finally, we give a comment on how to resolve the ghost problem at a higher 
order of the coupling t. In this case, we can apply an old idea by Tomboulis 
[29] based on Lee and Wick's works [30] in the 1970s. The essence of their idea 
is that in the full propagator, including radiative corrections, the ghost pole 
moves to a complex plane so that the ghost mode does not appear in the real 
world. However, this idea has a problem that the ghost mode appears as a real 
pole when interactions turn off at the UV limit. In our model, the conformal 
symmetry just compensates for this weak point. 



A Wess-Zumino Condition and Background Met- 
ric Independence 

The Riegert- Wess-Zumino action (2.2) can be written in the integral form, 13 

b f 

-SWzO,ff) = ~J^2 J d * x J d< i>^9 E ^ (A- 1 ) 

where E A = G 4 -2V 2 i?/3 is the modified Euler density and G 4 = R\ vXa -^R\ v + 
R 2 is the usual Euler density. The integral can be easily carried out using the 
relation sJ—gE^ — y/— g^iA^ + E4). Here, the metric field g^ u is taken to be 
e^g^ given at the vanishing coupling limit, where g^ is conformally flat. The 
Weyl action is then described by the kinetic term of h^ v defined on the metric 
field g^ v . 

By dividing the range of integration [0, <p] into [0,w] and [u>, <j>\, we find that 
the action satisfies the Wess-Zumino integrability condition [31, 32, 4] 

Swnz{4>,9) = S , Rwz(^,g) + S'Rwz(0-w,e 2w g). (A.2) 

This condition guarantees that the path integral of Riegert field can be carried 
out exactly in a manner independent of how to choose the path. 

Background free nature just comes out as a consequence of performing the 

13 As a comparison, the Liouville-Polyakov action in two dimensions is given by Sl = 
_(6 l /4tt) / d 2 x ^d<t>yf^R = -(fe L /4vr) J d 2 xy^(4>A 2 <f> + R(f>), where A 2 = -V 2 and 
£>L = (25 — c)/6 for two dimensional quantum gravity coupled to conformal field theory with 
central charge c [1, 2, 3]. 
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path integral over the Riegcrt field exactly. It is shown as follows: 14 

Z\e*-§ = J [d$dh] e 2»- g exp {i5 RW z(0, e 2uj g) + il(e 2u g)} 

= J [d<j>dh] g exp{iS RWZ (LJ, g) + iS RWZ (cf>, e 2ul g) + il{e 2ul g)} 

= J [dcpdh] g exp {iS RWZ (uj, g) + iS , R W z((/> - u,e 2uj g) + il(g)} 
= Z\ s . (A.3) 

In the second equality, we take into account the Jacobian factor exp{iS , pjwz('-^, g)} 
arising when we rewrite the path integral measure. The third equality is de- 
rived by changing the variable of integration as —></> — u;, considering that the 
measure [d(f>] g is invariant under such a local shift. In the last equality, we use 
the Wess-Zumino integrability condition (A. 2). 

Besides the Euler density, the square of Weyl tensor is also integrable. It 
produces another Wess-Zumino action ^/—g4>C^ vXa accompanied with the beta 
function, but it disappears at the UV limit of t = 0. The Ricci scalar ^/^gR 
and the cosmological constant term y/^g are also integrable, while y^gR 2 
is not integrable and thus it is discarded from the action I to guarantee the 
integrability of the Riegert field. It is consistent with the fact that the generator 
of quantum diffeomorphism becomes complete in the system without R 2 action. 



B Integral Formulae 

The following Fourier integral is useful: 

73 1 



f d*k 1 

I n (r), x) = / jtt-^ — e 
Ju>z (2tiT UJ n 



iuj(rj — -iej+zk-x 

u> z (2^ 

1 f°° o . f 1 , „ f 27V . : 



(2tt) 3 
1 1 



u 2 duo J d cos 9 J dip—e l ^ cos0 e- lu ^-^ 
d W -^sin( W |x|)e--("--), (B.l) 



where to = |k|. The parameters e and z are the UV and IR cutoffs, respectively. 
The integration is carried out under the condition z«l, while e is finite. The 
integral satisfies the relation I n (r],x) = id v I n+ i(r],x.). 



14 The UV divergences, which are proportional to C 2 ^ XrJ and E4, vanish for a conformally 
flat background. 
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Here, we write down the results for several integers n in the following: 



47T 2 {" 



log [-(77 - ie) 2 + x 2 ] - logz 2 e 



2- -2 , g - !g lo g - g - M 

|x| r/ — ie + |x| 



1 1 77 — 26 — Ixl 

z T^i _ i 1 °S ,i p 

47T Z |x| 77 — 26 + |X| 

1 1 

2tt 2 — (rj — ie) 2 + x : 
. 1 



2 _|_ Y 2- 
77 — 26 



^ 2 [-(7/-7e) 2 +X 2 ] 2 ' 

1 3(7/ - ie) 2 + x 2 
[-(77-7e) 2 +x 2 ] 3 ' 



= i 



.12 (77-ze)[(77-ze) 2 + x 2 ] 
"tt* [-(?7-7e) 2 +x 2 ] 4 ' 
12 5(7? - ie) 4 + 10(77 - 2e) 2 x 2 + x 4 
tT 2 h(77-2e) 2 +x 2 ] 5 ' 

. 120 (77 - 7e)[3(7? - ie) 4 + 10(77 - ?:e) 2 x 2 + 3x 4 ] 



[-(77-7£) 2 +X 2 ] 6 

C Various OPE singularities 

We here write down the singular parts of the OPEs at the equal time used 
in sections 4 and 5. For four canonical variables, we obtain 



(B.2) 



(#x)0(x' 
(0(x) X (x' 
(x(x)x(x' 

Wx)P x (x' 
(x(x)P x (x' 

<x(x)P (x' 

(Px(x)Px(x' 
(P0(x)P (x' 



~ log { [(x - x') 2 + e 2 ] z^-<) + ± [1 - fc(x - x')] , 

(P x (x)P (x')> = 0, 
1 1 



26i (x-x') 2 + e 2 ' 
1 1 
~8tt 2 (x-x') 2 + e 2 ' 

(0(x)P (x'))=7 1 



1 (x - x' 



2tt 2 [(x-x') 2 + e 2 ] 2 
-3e 2 



4tt 2 [(x-x') 2 + e 2 ] 3: 
36i (x-x') 2 -3e 2 



16^ 4 [(x-x') 2 + e 2 ] 3 ' 

96i (x - x') 4 - 10e 2 (x - x') 2 + 5e 4 



4tt 4 [(x-x') 2 + e 2 ] 5 

where h is the real function defined in (4.10). 



(C.l) 
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Here, only two cases (x(x)P x (x')) and (^>(x)P^(x')) becomes complex, and 
thus only the equal-time commutation relations between \ an d P x an d between 
4> and become nontrivial as required. 

Furthermore, we write down the cases with spatial derivatives, 



(d^(x)0(x' 
(dj(/)(x)d k <j)(x.' 

(dj(j>(-x)d j (j>(-x' 
(cf0(x)0(x' 

(f0( x )a^(x' 

(P x (x)c^(x' 

(p (x)a,-0(x' 

(a j x(x)5 fc x(x' 
<P x (x)<^(x' 
(P (x)f0(x' 
(P4x)9 J x(x / 

(^x(x)cfx(x' 



: U ' §[l-Mx-x')], 



26i (x - x') 2 
1 f (x - x')j(x - x') k 
2^\(x-x') 2 [(x-x') 2 + e 2 ] 

3(a; — x')j(x — x')k\ 1 — ft(x — x') 



(x - x') 2 



(x - x') 2 



1 



2h (x - x') 2 + e 2 ' 
1 1 



26! (x - x') 2 + e 2 ' 

x')> = - 
(x - X')j 



W-)W) = -l [(x iV)f|V - 



1 



4tt 2 [(x - x') 2 


+ £ 2]2 


P x (x)a j x(x')> 


2 

= -z— 




1 (x-x') 2 - 


3e 2 


6i [(x - x') 2 ■+ 


. e 2]3' 


1 <5,fc[(x - x') 


2 + e 2 ] 


h 


[(x-> 


1 (x - x') 2 


-3e 2 



e(x - x')j 



7T 2 [(x-x') 2 + e 2 ] 3 ' 



4^ 2 [(x-x') 2 + e 2 ] 3 ' 

6 e[(x-x') 2 -e 2 ] 



= (P x (x)<fx(x')>=-i 



7T 2 [(x-x') 2 + e 2 ] 4 ' 



1 (x-x , ) J [(x-x , ) 2 -5e 2 ] 
"tt 2 [(x-x') 2 + e 2 ] 4 
4 (x-g; , ) 3 [(x-x0 2 -5e 2 ] 



6i [(x-x') 2 + e 2 ] 4 
Besides, the spatial derivatives of (^(x)x(x')) and (P x (x)P0(x')) vanish. 



(C.2) 



D Commutation Relations with 

We here summarize the commutation relations between K„ of special con- 
formal transformations and various local operators in the Riegert field sector. 
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The commutation relations with A and Bj are given by 

[K ,A] = «|-(?7 2 +x 2 ) d v A-2r ] x k d k A-8r 1 A-2x k B k 

-2x k {:P x d kX :~:d k P xX :) 

-2x fe ^ (: f X d k <j>: +2 :d kX if<j>: - : X d k S/ 2 ^.) 

-2:P xX :-^: X ^:-2P*-^^x}, 

[if,-, .4] = il^- (-i] 2 + x 2 ) djA + 2xjX k d k A+ 2r)x d n A 
+8 Xj A + 2 V B 3 + 2 V (:P x d jX :-: dj P x \ :) 
+2^ (:f X d^: +2 :d jX ?4>: - -Xd^^:) 
+2 ( :Px ^ : _iL + ^ : X 2 :}, 

[tfo.B,-] = z|-(ry 2 +x 2 )a t) ^-2^a fe ^-8^ 

-2^ (-^:P 2 : + :P 0X :) -2x fe a fc :P x a^: 

- 8 ( :F W : -^2 + ^ :x 2 j, 

[^•, B fc ] = * j- (-r? 2 + x 2 ) djB k + 2 Xj x l dtB k + 2 V x j d r ,B k 



+8xjB k - 2x k Bj + 2S jk x l B, 
'2ir 2 



+2i] (dj :P x d k 4>: [:d jX d kX : + : d 3 <f <j)d k (, 



+2 V S jk (- ^- : P 2 : + : P 0X :) + 26 jk : P xX : 

+^(:d jX d k( t>: - :d fe x^:) + 2<^} (D.l) 

and the commutation relations with the other local operators that appear in 
the generators are given by 

[K ,:P x dj<t>i\ = i^-(r 1 2 +x 2 )d v :P x d J (j):~2r 1 x k d k :P x d :j (f>:-6r 1 :P x d J (j): 

-2x 3 :P xX : +2x k ^ :d kX d 3 4>: +^ : X ^:}, 
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[Kj,:P x dk<t>-] = z|-(- ? 7 2 +x 2 )9 J :P x d k cj>:+2x j x l d l :P x d k <f>: 
+2r]Xjd ri :P x dk4>- :P x ^fc</>: —2xk '-Px^j^'- 

+25 jk x l :P x di<j): +2i] ^5 jk :P X X- '- d ]Xdk4>- 

-7^2 :d J ( f )d k^- +25 ifc P x |, 
[K ,:P xX :] = i^-{f] 2 +^ 2 )^ r| ■.P x x■■-2l 1 x k ^ k ■.P x x■■'^■■P x X■■ 
~2x k :P x d k ^. +2x k ^d k : X 2 : +^ :% 2 : -2P X }, 

[K v :P xX -] = i{-(-Tf +x 2 )d 1 :P xX :+2x 1 x k d k :P x x: 
+2r]x j d TI :P x x - +6xj :P x x- 

+^ (:P X 9^: -±8, :x 2 :) - ^ '-XM :}, 

[K ,: X 2 :] = J |-(r ? 2 +x 2 )a, : X 2 1-2^9, : X 2 1-477: X 2 : 

-4a; fe :xa fe 0: -4 X |, 

[Kj,:X 2 -] = '{ ( >r • x 2 }^:\ 2 : -2, ; ,>^ :\ 2 : 

• -V A :X 2 : +4^" :\": • 1'/ : V^oij. 

[Xo,:9^9 fe ^:] = i|- (f? 2 + x 2 ) :0 fc 00fy -2r?a^ :d k <t>d k $: 

-AT] :d k <t>d k <l>: -Ax k : X d k <t>^, 

[Kj,:d k <f>d k cp-] = z|-(-? ? 2 +x 2 )9 J :d k <pd k 4>: +2 Xj x l di : d k cj>d k <j> : 

+2 V x j d TI :d k cj)d k (t>: +4 Xj : d k (f)d k cb : +4r? : X d^: +45^ j, 

[K ,-x9 3 4>-} = il^- (v 2 +x 2 ) d v :xd 3 4>: -2rjx k d k :xd 3 <j>: 

-4q : X dj<t>: -2x k :<h.o<),o^. 

[Kj,:xd k (f>:] = ij- (-r? 2 + x 2 ) :xd k <j)- +2x j x l d l : X d k <l>- 
+2r]x j d TI :xdk(j) - +4£j :x<9 fe </>: -2a; fe :x^<A: 
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+25 jk x l : X di<f>: +2r/ (S jk : X 2 - + -d^d^-) + 2<5 jfcX J-(D.2) 
Here, all quantum correction terms disappear. 

E Stress Tensors of Traceless Tensor Fields 

The square of the Weyl tensor is defined by 

Since the Weyl action is conformally invariant, there is no dependence on 
the conformal factor of the metric field, or the Riegert field. Therefore, we here 
use the metric field without the conformal factor defined by 

Snu = (e h )^ = T]„ v + &„„ + ^hp\h\ + ■■■. (E.2) 

We also disregard the coupling constant t for simplicity. 

The stress tensor of the traceless tensor field derived from the Weyl action 
is given by the Bach tensor, 

_ __ 4___ __ 8 - - 

= 4V R^v — — V^Vi/i? + 8R RftXvcr — -RR^ 

-fa (§V 2 fl + ZR Xa R\* - \R 2 ^j , (E.3) 

where the curvatures with the bar on them are defined in terms of g^. It is 
expanded in the field as 

V = ?«+?,£) + .... (E . 4) 

The linear term is given by 

T« = -20 4 h^ + Ad 2 d [pX v) - \d^d u d xX X - \v^d 2 d xX X , (E.5) 

where \v = d\h\. The equations of motion are represented by T^J = 0. 

The generator of conformal symmetry defined by (2.7) is derived from the 
bilinear term. We here consider the following combination of the stress tensor: 

r^ = 5^)-^}>, (e.6) 

- ( 2) 

which is equivalent to T^J up to the equations of motion. The indices are 
then contracted by the flat background metric so that the trace g^T^ can be 
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expressed as rj^T^. It is given by 

Tfj, v = -Qd^x^d^ + Ad p d x h a(p d v) d p h Xa + Ad 2 h Xa d x d a h^ 
—dpd^hxadp^h^ - 4d p d x h°dPd„h x - Ad 2 h x[p d x Xv) 

-\d^x X d v xx + 2d (pX x d 2 K )x + 2d x Xp d xXv - \d^d v h Xa d x X a 
+Ad xXa d a d { X) + 2d 2 h Xa d p d v h Xa - *-d xX x d^Xv) + \d xX x d 2 h llu 
-2d {p h x „)d 2 X* - 2 X xd 2 d { X) - 4d p h Xa d p d x d (p K ) + dd 2 d x h^d lj) h Xa 

+2d x h a{p d 2 d l , ) h x ° + 2d x h fW d 2 x x + 4 Xx d 2 d x h fW + 4d p h Xa d p d x d°h fW 

-2d {lx h x °d 2 d v) h Xa - 8d r7 h x(p d 2 d x K ) - A x x d x d (pXv) - ±d x d a X( P d v) h Xa 

-\d ip h x °d u) d x x. + Ad x h a(p d v) d° X x + \xxd p d vX x 

+ p P h x ^d„drh x ° + ^d { X)dxd aX a - \d x h pv d x d aX ° 

-2h Xa d 2 d x d {P K ) + 4h x<J d 2 d x d°h llv - ±h Xa d x d°d {pXu) 
+\h Xa d p d v d x x a - 2h xip d 2 d x Xv) + ^h x[p d v) d x d aX ° 

-ri^d xx<y d x x a - ^d 2 h Xa d x r - l -d K d p h x „d K d p h x ° + d xXa d° x x 

+ld 2 h Xa d 2 h x ° - ^d xX x d aX ° - \ xx d 2 x x - p P h Xa d?d x x ° 

-^d p h Xa d 2 d?h x ° - l iX x d x d aX ° - h Xa d 2 d x x ° - h Xa d x d°d pX py 

(E.7) 

Here, the time-derivatives of various field variables in the radiation gauge 
are expressed as d v h ij = u ij , d 2 h ij = -P* j , dfiv = P* j + 2Q 2 u ij and d^h ij = 
— 2(^ 2 P l J — cp 4 h 4J for the transverse traceless tensor mode and c^h 3 = fij~ 2 Pi /2, 
d 2 \\i = cP 2 h- 7 , d^W = P-7/2 and c^h- 7 = cj) 4 ^ for the transverse vector mode. 

Using these equations, we write down the stress tensor in terms of six 
canonical variables as follows. The time-time components denoted by Too = 
T$+T$+T$ are given by 

t$ = -\p k r 2 ?k-^- 2 d k P l r 2 dk?i + \r 2 d k P l r 2 diP k 

-^fh k fh k + ^d m dVd m d^ k + ^d l h k d^ 2 h k + \ k <fh k 
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-w n d l h k d m d k \M - Ad l b k d k fh h 

T$ = -PI 3 r 2 d t P 3 - 2P%d i b j - ^diPj - | fh« 3/- 2 d*P 1 

-id k \\ ij ^- 2 d k diPj - 2& a u ij d i b j + 4u ij 'a i $ 2 h j + 49 fe u ij '<9 fc <%h j 



(E.8) 



and the (Oj) components denoted by T 0j - = T$ + T$ + T$ are given by 

-p5'a fc u,j + ^p^-ufc, + 2a,-u fc, $ 2 h w - ^d m u kl djd m b kl 
-u kl djfb kl + fu kl djb kl + ^d 3 d m u kl d m h kl - w k u l j q 2 b kl 

-2d m d k u l 3 d m b kl + fd k u l jb kl + 2d m u kl d m d k b lj + 3u kl d k fb tj 
-q 2 u kl d k h tj , 

T$ = -^P k d 3 h k + ^d J P k h k -2r 2 d 3 P k fh k + ^- 2 d l P k d 3 d l h k 

+ ±q-2 djd lpk dlhk + pkg khj + Q-2 d lpk dldkhj _ 2d k P 3 b k 

-3^- 2 d l d k p J d l \ Vc - q- 2 d l p k d j d k b l - ^ 2 d 3 d l p k d k b h 

T$ = ^Jdkdibj - 3P k UJ fb k - 2d k P l UJ d k b t + q 2 P k uj b k - 4d%d,h fe 
+djP^dk\M - 3P kl d j d k b l - fu k ^- 2 Pk - d k u l ^- 2 d k Pi 



Jjf u o k ni - or u OjO k ni - q u jq r k -ou d q a k ri 

i d] u ki r 2 d k Pi + ^ 



+d k u l J q- 2 d l p k + -d u kl ^ 2 d k p l + -u w ^- 2 a,-a fc p, - u^-^^p, 



-fb k 3 fb k + ^h*.h fc - s^djdkhi + 2d J d m b kl d m d k b l 

2„. u ,„ 4. 



+d J q 2 b kl d k b l - 2d m b kl d J d m d k b l + -d^dk^bi - -b kl d 3 d kq 2 h, 
+4fb kl d k d l b J + Ad^dmd^bj + 2b kl d k d l fb J - 4d m d k b l J d m d l b k 

-Af^h^dihk - 2d k b l 3 d iq 2 b k . (E.9) 



F Conformal Algebra for Scalar Fields 

As a simple exercise, we here present computations of conformal algebra for 
the case of real scalar field conformally coupled to gravity. The action is given 

by 



where is the background metric taken to be flat. The canonical commutation 
relation is defined by [X(r], x), Px(i], x ')] = ^3( x — x ')j where Px = d n X is the 
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conjugate momentum. The annihilation part of X is expanded as 

d k 1 „ % -U -v* 

Lr\. f_i 



with the commutation relation [v?(k), <p'(k')] = <5 3 (k — k'). 
The stress tensor is given by 

T„„ - ^Xd v X - ^Xd^X - ^ v d x Xd x X. (F.3) 

The (00) and (Oj) components are given by T 00 = P 2 x /2- X^X/i + d.Xd'X/Q 
and T j = 2P x djX/3 — XdjP x /3, respectively. 

The generators of conformal symmetry are expressed as follows: 



P = H = J d 3 xA, P 3 = J d 3 xBj, 

D = j d 3 X ( V A + x k B k + :P X X:) , 
K = Jd 3 x^( v 2 + x 2 )A + 2 V x k B k + 2 V :P x X:+^:X 2 ^, 
Kj = J d 3 x { (-rf + x 2 ) Bj - 2x jX k B k - 2rjx 3 A - 2 Xj : P X X :} ,(F.4) 

where 

A = l -:P 2 x :- l -:XfX:, Bj =:P x djX : . (F.5) 

The singular parts of OPEs for canonical field variables are computed at the 
equal time as 

1 1 



(X(x)X(x')) 
(X(x)P x (x')) 



4tt 2 (x - x') 2 + e 2 ' 

. 1 e 

% 2^ [(x - x') 2 + e 2 ] 2 ' 



Using these expressions, the equal-time commutation relations between various 
local operators are computed as 

H(xM(y)] = ^^ 3 (x-y)(:Px(x)X(y):-:X(x)P x (y):), 
[£,(x),£ fe (y)] = i^J 3 (x-y) :9 j X(x)P x (y): +^ 3 (x-y) : Px(x)5 fc X(y) :, 

[^(x),S,(y)] = id*5 3 (x-y):P x ( X )P x (y):-^6 3 ( X -y):fXd J X(y): 

-^3/%(*-y) :X(x)^X(y): -iA/^x-y) (F.7) 



39 



and 

[A{x),:PxX{y)-l = -i6 3 (x-x)(-.P 2 x (y):+±:XfX(y) 

1 1 

--i^J 3 (x - y) : A(x)A(y) : +i^/(x - y), 

[B,(x), : Pxl(y) :] = -*<J 3 (x - x)^-(y) + *^<J(x - y) ^Px(x)A(y) : . 

(F.8) 

Here, the quantum correction functions fj and / arc defined by (5.5) and (5.6), 
respectively. Using these commutation relations, we find that all quantum cor- 
rections disappear and the conformal algebra is closed. 

Next, we consider the transformation property of the composite operator 
: X n :. The commutators between this operator and above operators are given 
by 

H(x),:X n (y):] = -i5 3 (x - y)d„ :X n (y) :, 

[£,(x),:A"(y):] = -i5 3 (x - y)d j :X n (y) : 

1 



2tt 2 

[:P x X(x):,:X n (y):] = -m<5 3 (x - y) :X"(y) : 



l -^n(n-l)g j (x-y):X n - 2 (y):, 
n5 3 



n(n _ i) 5(x _ y) :X n -'(y) :, (F.9) 

where the functions gj and g are defined by (5.16) and (5.18), respectively. The 
transformation laws of the composite operator : X n : are then given by 

i[P„,:X n (x)-l = M 

i[M^,:X n (x):} = {x„d v - x v d„) :X n (x) :, 

i[D,:^ n W:] = (z"0„ + n) :A"(x):, 

^[ J F^ At ,:A ^l (x):] = (x 2 ^ - 2x^x v d v - 2x^n) :X n (x) : . (F.10) 

Here, all quantum correction terms cancel out and thus : X n : transforms as a 
conformal field with dimension n. 

From (F.10), we find that / d 4 x : A 4 (x) : and / d 4 xVp(x) : X 2 {x) : with 
hp = 2, for instance, become diffeomorphism invariant. 

References 

[1] A. Polyakov, Phys. Lett. 103B (1981) 207; Mod. Phys. Lett. A 2 (1987) 
893. 



40 



[2] V. Knizhnik, A. Polyakov and A. Zamolodchikov, Mod. Phys. Lett. A 3 
(1988) 819. 

[3] J. Distlcr and H. Kawai, Nucl. Phys. B321 (1989) 509; F. David, Mod. 
Phys. Lett. A 3 (1988) 1651. 

[4] R. Riegert, Phys. Lett. 134B (1984) 56. 

[5] I. Antoniadis and E. Mottola, Phys. Rev. D 45 (1992) 2013. 

[6] I. Antoniadis, P. Mazur and E. Mottola, Nucl. Phys. B388 (1992) 627. 

[7] I. Antoniadis, P. Mazur and E. Mottola, Phys. Rev. D 55 (1997) 4756; 55 
(1997) 4770. 

[8] K. Hamada and F. Sugino, Nucl. Phys. B553 (1999) 283. 

[9] K. Hamada, Prog. Theor. Phys. 108 (2002) 399. 
[10] K. Hamada and S. Horata, Prog. Theor. Phys. 110 (2003) 1169. 
[11] K. Hamada, Int. J. Mod. Phys. A 20 (2005) 5353. 
[12] K. Hamada, Int. J. Mod. Phys. A 24 (2009) 3073. 
[13] K. Hamada, Found. Phys. 39 (2009) 1356. 
[14] K. Hamada, Found. Phys. 41 (2011) 863. 

[15] K. Hamada, S. Horata and T. Yukawa, "Background Free Quantum Gravity 
and Cosmology", in Focus on Quantum Gravity Research (Nova Science 
Publisher, NY, 2006), Chap. 1. 

[16] D. Capper and M. Duff, Nuovo Cimento Soc. Ital. Fis. A 23 (1974) 173. 

[17] S. Deser, M. Duff and C. Isham, Nucl. Phys. Bill (1976) 45. 

[18] M. Duff, Nucl. Phys. B125 (1977) 334. 

[19] K. Hamada and T. Yukawa, Mod. Phys. Lett. A 20 (2005) 509. 

[20] K. Hamada, S. Horata and T. Yukawa, Phys. Rev. D 74 (2006) 123502. 

[21] K. Hamada, S. Horata, N. Sugiyama and T. Yukawa, Prog. Theor. Phys. 
119 (2008) 253. 

[22] K. Hamada, S. Horata and T. Yukawa, Phys. Rev. D 81 (2010) 083533. 



41 



[23] C. Becchi, A. Rouet and R. Stora, Commun. Math. Phys. 42 (1975) 127; 
Ann. Phys. (N.Y.) 98 (1976) 287. 

[24] T. Kugo and I. Ojima, Prog. Theor. Phys. Suppl. 66 (1979) 1. 

[25] M. Kato and K. Ogawa, Nucl. Phys. B212 (1983) 443. 

[26] P. Dirac, Lectures on Quantum Mechanics (Belfer Graduate School of Sci- 
ence, Yeshiva Univ., NY, 1964). 

[27] E. Fradkin and M. Palchik, Phys. Lett. B147 (1984) 86. 

[28] E. Fradkin and M. Palchik, Conformal Quantum Field Theory in D- 
dimensions (Kluwer Academic Publishers, Dordrecht, 1996). 

[29] E. Tomboulis, Phys. Lett. 70B (1977) 361. 

[30] T. Lee and G. Wick, Nucl. Phys. B9 (1969) 209; Phys. Rev. D 2 (1970) 
1033; 3 (1971) 1046. 

[31] J. Wess and B. Zumino, Phys. Lett. 37B (1971) 95. 

[32] L. Bonora, P. Cotta-Ramusino and C. Reina, Phys. Lett. B126 (1983) 305. 



42 



